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We see no way o f  deciding the question whether 
the axiom of  constructibility is true or false; what 
is worse, even an exact formulation o f  the prob- 
lem does not seem possible. 
A. Mostowski 
Dedicated to Professor A. Mostowski on the occasion o f  his 60th birthday 
What does it mean to say that at step a + 1 in the constructible hier- 
archy no new set of natural numbers i constructed? This is one of the 
so-called "fine structure" problems for the constructible universe. Leeds 
and Putnam [10] proved that in the above case, P(co) n La is a ~3-model 
for second-order a ithmetic. The proof in [10], based on earlier work by 
Putnam and his students (see [3-5]),  is recursion-theoretic in nature. 
Here we give an alternative set-theoretic proof based on some results of 
Zbierski [23] and Boolos [4]. 
The method used by Putnam and others is to prove that if 
(L~÷ 1 -L~)  n P(co) = 0, then the ordinal a is HYP, i.e., La n P(~) is 
closed under hyperjump. This result aken together with Kleene's basis 
theorem implies that P(w) n La is a/3-model. The method used in our 
paper is to prove that L~ is a model for some fragment of Zermelo- 
Fraenkel set theory. The method used in [ 10] does not seem to general- 
ize to arithmetics of higher orders, since recursion theory in higher types 
is not developed enough, whereas our method gives a straight-forward 
generalization for all finite orders. 
A gap is a constructible vel where no new set of integers arises. Our 
main result, Theorem 2.7, shows that there is good reason for the exist- 
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ence of such gaps. Those ordinals where gaps start are just those places 
where the transitive models for ZF- + V = HC = L are constructed. This 
result is generalized to the higher order gaps which correspond to the 
transitive models of ZF- + V = L + "An appropriately restricted form 
of the powerset axiom". The analytical part of La for a gap u forms a 
/3-model of full second-order arithmetic (AC 01 in Kreisel's notation [9 ]). 
In the case of a higher-order gap, the appropriate part of La forms a/3- 
model of the corresponding higher-order arithmetic. This is why we call 
such gaps "higher-order". Zbierski's results give us the means to prove 
the converse implication, i.e. from/3-models to gaps, provided that we 
deal with arithmetics enriched by a proper form of the axiom of construct- 
ibility. We wish to emphasize the relevance of the study of these gaps for 
anyone who doubts that the powerset axiom is true. Our results show 
once again that phenomena t "high" levels leave traces at the very bot- 
tom. 
In the same manner that gaps with respect o co lead to the/3-models 
of second-order arithmetic, gaps with respect o other ordinals, and with 
respect o some special notions, lead to models of other set theories clos- 
ed under the operation of impredicative definability. In Section 7 we 
prove results for/3-models of Kel ley-Morse impredicative set theory 
using the methods of [ 15 ] analogous to these results for second-order 
arithmetic. These results lead to a further generalization of the notion 
of a gap. In fact, it seems natural to treat satisfiability in L~ as a sort of 
gap phenomenon with respect o a notion described by a given formula 
(we return to this question later). In this way we are able to get a charac- 
terisation of the heights of transitive models of ZF. 
The gaps have some close connections with abstract ransfinite recur- 
sion theory on ordinals as developed by Kripke, Platek and recently by 
Sacks and others. Indeed, the condition 
(L~+ 1-La)  n P(w) = O 
can be reformulated equivalently, in the language of generalized recur- 
sion theory, in the following way: every a-arithmetic set of non-negative 
integers is a-recursive. In the same way, o begins a gap just when each 
/3 < a is a-projectible into co, i.e., there is an a-recursive one-one func- 
tion mapping/3 into w. Clearly, one can write a-finite instead of a-recur- 
sive, because all the sets we consider are a-bounded. In these terms, our 
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theorem states that if a begins a gap, then a is arithmetically regular, i.e. 
Y'n-admissible for every natural number n (cf. Sacks and others in Annals 
of Mathematical Logic.4 (1972) no 4). 
In Section 4 we consider how long a gap can be. We prove that every 
constructibly countable ordinal is the length of some gap. Moreover, for 
every 0 ~ COl L , there are w~ gaps of length p. There are gaps whose length 
is given by a ~ 1-definable correspondence to their starting points, e.g. 
gaps of length a s beginning at a. We also consider some questions con- 
cerning the "topography" of gaps. Let a begin a gap of length 0. Then, 
for every a ~ p, ~ = sup (/3 ~ a: 13 starts a gap of length o}. But not the 
converse! In fact, the following situation takes place: the first gap is of 
length 1, the second also, the third also, and so on; many gaps of length 
1. Then in a limit point the first gap of length 2 occurs; again many gaps 
of length 1 and the second gap of length 2 occurs, and so on. Then in a 
limit point a gap of length 3, and so on. These results confirm that the 
constructible "world" discovered by Godel is as simple and regular as 
one could wish. In Section 4 we also give plenty of examples of gaps of 
length 1. 
In Section 1 we prove the existence of gaps essentially by the same 
method as Putnam in [20] and we generalize this method to get the 
existence of "big" gaps as well as the existence of generalized gaps. 
All gaps of the same given length are connected with some natural 
axiomatic systems of set theory of the GOdel-Bernays type. We consider 
these connections in Section 5. All the above mentioned results can be 
generalized for the case of higher order gaps as well as for gaps with 
respect o subsets of a given ordinal x. In this latter case, x*L occupies 
the same role that 6o 5 occupied in the former case. 
In Section 6 we deal with gaps from the point of view of definability. 
From the Addison-Kondo basis theorem it follows that the class of 
A ~ -ordinals forms a collection of gaps large enough to be of special 
interest. It appears also that the gaps are good tools for the study of the 
so-called "stable" ordinals, which again are of interest o students of 
abstract recursion theory. The main theorem of Section 6 is "the next 
stable ordinal theorem", i.e., the first stable ordinal greater than a given 
o ~ col L is of the form 6~ for some constructible B ~ w (where 6~ de- 
notes the first ordinal not A~ in B). This is the analogue of the well- 
known Fr iedman- Jensen-Sacks theorem which states that the count- 
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able admissible ordinals are just those ordinals of the form co~ for some 
B G co (~Ol B is the first ordinal not recursive in B). 1 
In Section 8 we apply our methods to obtain an easy proof of the 
well-known Friedman-Tomasik theorem (see [22]) on the number of 
theories of sets of the form L~ and also obtain some slightly refined 
forms of this theorem. 
We want to emphasize the importance of the results of H. Putnam and 
his associates. It was ~heir work that originally drew our attention to 
these gaps and prompted us to seek proofs of their theorems that would 
be more suitable for set theorists. We also use some ideas of Boolos and 
Putnam to determine the bounds on the lengths of gaps. In particular, 
we use their notion of an arithmetic opy of a model (Le, ~). 
The authors wish to express their gratitude to Professor A. Mostowski 
for his invaluable suggestions and discussions on this subject. We acknow- 
ledge the help of our colleagues in Warsaw, especially that of Dr. P. 
Zbierski whose results have a central importance for our paper. Also, we 
have discussed this subject with many of the participants in the Logical 
Semester at the Banach Center, January-June, 1973. In particular, K. 
Devlin, R. Gandy, D. Guaspari, P. Hinman and A.R.D. Mathias. To these 
and many others we express our gratitude. We also thank Mr. Peter M. 
Burtram for several linguistic onsultations. 
§0. Preliminaries 
We work in ZF throughout, using classes informally. We deal with La, 
i.e. levels of constructible hierarchy, as defined in Gi3del's original paper 
[7]. 
L0 = O; 
L~, = Uu< xLu, where ~ is a limit ordinal; 
L,~+I = the set of all first-order L~-definable subsets of L (with 
parameters). 
We want to point out that for various reasons, the levels L~ are more 
1 After completing this paper, we have read H. Fr iedman's Tecent paper  [6].  Some of our re- 
sults are also proved there. However, H. Friedman has obtained much stronger esults. He con- 
siders under what conditions all countable stable ordinals are of  the form 89. We refer the 
reader to this interesting paper. 
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natural for the study of gaps than Jensen's levels J~. These reasons are 
discussed in Section 5. Clearly, one can modify our proofs to get corres- 
ponding results for the J~'s, but the formulations would not be quite as 
elegant. For an exhaustive xposition of Jensen's hierarchy of construct- 
ible sets, see [ 8 ]. 
We follow the standard set theoretical notation and need only a few 
terminological nd notational conventions. To facilitate reading, we al- 
ways write L~ instead of (L~, ~), and we mix free variables with the ele- 
ments of a model, though sometimes elements of a model are underlined 
to stress that they function as parameters, and not variables. By a point- 
wise definable model we mean a model in which, for every element, there 
is a formula defining it. A model is pointwise definable from a set x iff 
every element of a model is definable possibly with parameters from x. 
We use the formula Stf(x, n, f), whose intended interpretation is "the 
sequence f satisfies the formula with G6del number n in the model 
Oc, ~>". By the height of a model or an ordinal of a model we mean the 
least ordinal not belonging to the model. 6o~ is the first uncountable 
ordinal in the sense of the class L of all constructible sets. ~÷L denotes 
the first cardinal bigger than ~ in the sense of L. The sentence "V=HC '' 
means "every set is countable". Let C denote the following set theore- 
tical schema of choice: 
(x)z(Ey) dP(x, y) -. (fiy)(X)z dP(x,y(X)), 
where y(X) = {u: (x, u) ~ y} and (x, u) is the usual ordered pair o fx  and 
u. In ZF one can prove that C is equivalent to the usual axiom of choice. 
In ZF- the usual axiom of choice does not imply C, but clearly C im- 
plies the usual axiom of choice. Finally, by GB- we denote the GtSdel- 
Bernays et theory without the powerset axiom. 
By the second-order a ithmetic s42 we mean the theory formulated 
in the two-sorted language and having as axioms: 
(i) the Peano axioms for first-order objects; 
(ii) extensionality; 
(iii) induction in the second order form; 
(iv) the comprehension scheme; and 
(v) the schema of choice (see [23]). 
The higher-order arithmetics ~n (for n >f 2) are augmented by the 
higher-order impredicative comprehension schemes and by appropriate 
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schemas of  choice (see [23]). An ~o-model of the arithmetic ~n (n I> 2) 
is a model whose first-order part is isomorphic to the standard model of 
Peano arithmetic. A 3-model is a model for which the notion of  well-or- 
dering is absolute, i.e. if any set is a well-ordering in the sense of model, 
then it is a real well-ordering. A 3-model for the theory~ is a model 
which is absolute for one function quantifier formulas (see [ 18 ] ). We 
also consider arithmetics without the axiom schemas of choice, denoted 
by ~{n, n ~> 2. 
§ 1. The existence of  gaps 
In this section we prove some generalizations of the results of H. Put- 
nam. In [20] he proved that there are arbitrarily large a ~ co L such that 
(L~+ 1 -L~)  n P(6o) = 0. We give another proof of the same fact and its 
generalization i the following direction. We show that there are "big" 
gaps, i.e., we show that for any 3 ~ co L , there is an a ~ ~Ol L such that 
(L~+a-L~) n P(o~) = 0. Moreover, one can find gaps "big" with respect 
to their starting points. 
The following lemma is due to K. Devlin. 
I.emma 1.1. Every elementary submodel of L~ is transitive and, hence, is 
of  the form La. 
Definition. a is a gap ordinal iff (La+ 1 -La)  n P(w) = 0. 
Theorem 1.2 (Putnam). There are arbitrarily big gap ordinals a ~ co L . 
Proof. By the Skolem-Lbwenheim theorem in L, we have, for every 
7 ~ w L , constructibly countable N ~ "y such that N < LtoL. By the 
- -  . 1 
above lemma, N = L,~ for some a ~ 6Ol L . Since LtoL is a model of ZF-,  
1 f so is La. Therefore comprehension is true in La and all subsets o 6o de- 
finable over L a belong to La. But if a set belongs to L,,+I, then it is de- 
finable over L a. This completes the proof. 
The following theorem generalizes the result of  Putnam and is proved 
along the same lines. Let ~ be a fixed Z 1-definable (in the sense of L6vy 
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[ 11 ]) operation on ordinals. Then ¢(tx, 13, ..., 3') < ,~÷L + ~÷L + ... + 3'*L, 
by the well-known result of L6vy [ I 1 ], we use choice inside L (since 
is absolute for L). 
Theorem 1.3. Let/31 , ..., [3 m E co.Of. There are arbitrarily large ~ ~ co L 
such that  
(L.(~,if i -L a) n P(co) = O. 
Proof. Take any 7 ~ coL. By the fundamental result of G6del [7] and by 
the absoluteness of ~, 
(L,o{ ,E,3',~1 .... , ~m ) P (E°O(3'E°t & (Lo(a,-~)-L~,) n e(co) = O. 
Since the satisfaction predicate is absolute, we can work inside L and 
find there an elementary countable submodel of (LtoL, E, 3", ~). Using the 
collapsing technique of Mostowski, ~t is isomorphic to L~, for some 
co . 
Since "being of the form La" is absolute with respect o Lt and 
we get the desired ordinal a. 
As corollaries to the above theorem, we get the following extensions 
of the theorem proved by Putnam: 
Corollary 1.4. (/3)~{ (E~,),~ (Lo~+a-L,~) n P(co) = O. 
Corollary 1.5. (/3)o~ { (Ea)~ (/3 E ~ & (Laa-La)  n e(co) = O. 
One can multiply such corollaries. 
Theorem 1.3 can be generalized in the following directions. 
Theorem 1.6. Let/31, ...,/3m ~ ~+L. There are arbitrarily large ~ ~ ~+t, 
such that 
(L o(~,~)-L a) n PO¢)= O. 
366 141. Marek, M. Srebrny, Gaps in the constructible universe 
L such Theorem 1.7. Let (31 .... , (3m ~ COL. There are arbitrarily large a ~ con 
that 
(L~(a ,~-L  ) n Pn(w)  = O, 
where pn (6o) denotes the power set operation on co iterated n-times. 
Theorem 1.8. Let  (31 , . . . ,  (3m E CO L . There are arbitrarily large a E oaf 
such that 
(La,(a,ifi-L ) n pn(co) = O. 
Analogous results can be obtained for any constructible transitive set 
instead of co. One can also consider the hierarchies of relative construct- 
ibility. 
§ 2. (3-models of analysis 
In this section we prove that the ordinals that start gaps are just the 
heights of constructibly countable (3-models of second order arithmetic 
enriched by the axiom of constructibility as formulated by Addison in 
[ 1 ]. Using the results of  Zbierski [23 ], we consider constructibly count- 
able transitive models of the theory ZFC- + V=HC in~ead of (3-models 
of ~ 2. The idea here is the apparent correspondence b tween heredit- 
arily countable sets and some subsets of co. Actually, one can consider 
a set of  natural numbers as a binary relation (using some fixed pairing 
function J ( . ,  • ) on the natural numbers). A subset Xc__ co2 is called a 
tree iff it satisfies the following conditions: 
(i) X is a function; 
(ii) X is well-founded, i.e., (Y ) (Y  c_ dom (X) & Y ~ ¢ ~ ([: y )y (y  ~X*Y)) ;  
(iii) there is an element max x and, for every x ~ dom(X), there is a 
natural number n = n(x) I> 1 such that x(n)x = max x . 
Every tree X determines its own realization X which is a hereditarily 
countable set. Conversely, every hereditarily countable set is a realiza- 
tion of continuum many trees. We write .F = x to denote that X is a 
code for x, i.e., that X is a tree and x is its realization. 
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The following lemma is one of the main tools of the paper and is due 
to Zbierski [23 ]. 
Lemma 2.1. 
(a) I f  (M, ~> is a transitive model o f  ZFC-, then P(co) n M is a (3-model 
of  ~ 2. 
(b) I f  C is a ~-model o f  ~2, then the realisations of  trees of  C form a 
transitive model (C, E> of ZFC- + V=HC. Moreover, the height of  C is 
the same as that of  C and ff  n P(co) = C. 
(c) If<M, ~> is a transitive model of ZFC-, then P(w) n M = HC M, 
where the bar denotes the operation of  taking the realizations o f  trees. 
The proof of Lemma 2.1 is given in [ 15 ] where it is presented for the 
case of Kelley-Morse set theory and ZFC- + "There exists an inaccessi- 
ble cardinal" (see also [9]). 
Definition. The following schema is called the complete arithmetical 
schema of choice: 
(n)to (EX)e(w)~(n, X) -~(E Y)e(to)(n)w ~b(n, y(n)) 
for every set-theoretical formula ~ (not only arithmetical). Here co and 
P(co) serve as abbreviations. 
l_emma 2.2. I ra is a gap ordinal, then L~ ~ the complete arithmetical 
schema of  choice. 
Proof. Since there is a definable well-ordering over L~, ¢ can be uniform- 
ized by the function-like formula ~. Therefore, the required set Y is de- 
finable over L~ by the formula ~(n, k) = (EX)p(~o)(¢, (n, X) & k ~ X) 
(i.e., Y =(J(n, k): ~k(n, k)}). Since a is a gap ordinal, this set belongs to 
Z a • 
Corollary. I f  a is a gap ordinal, then C a = P(co) o La is an co-model o f  
~2.  
Proof. Comprehension follows immediately from the definition of a gap 
ordinal. 
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Definition. We call a set Ea c__ 60 an arithmetical copy o fLa  iff there is a 
one-one function f from L~ onto the field of E,~ (i.e., 
{n: (Em)(J(m, n)~ E v J(n, m)~ E,~ ))) such that for every x, y ~ L a, 
X E y ¢=~ JOe(x), f (y ) )  E Ea.  
l .emma 2.3 (Boolos [3, 4]). I f  a is not a gap ordinal, then there is an arith- 
metical copy Ea o f  La such that Ea E La÷ 1 --L~. 
Lemma 2.4. Let a be a gap ordinal. I f  X E P(60) n La and X is a real well- 
ordering, then the type o f  X is less than a. 
Proof. Assume not. We can construct a tree coding all of  La within 
L a n P(60). Now, we apply Cantor's diagonal procedure to obtain a new 
set of natural numbers. 
Definition. We say that a starts a gap iff ~ is a gap ordinal and 
(f3)a (La -La)  n P(60) 4: O. 
Lemma 2.5. I f  a starts a gap, then a is a limit ordinal. 
Proof. Suppose a = ~3 + 1. By Lemma 2.3, there is an arithmetical copy 
Ea ~ La÷ 1 = L,~. Cutting out from E~ the codes for ordinals, we get a 
well-ordering of type a belonging to L a. But this is impossible by Lemma 
2.4. 
Corollary 2.6. I f  ~ starts a gap, then La ~ V=HC. 
The following result is fundamental for the paper. Its consequences are 
considered in the next sections. 
Theorem 2.7. a starts a gap i f f  L~ ~ZFC-  + V=HC. 
Proof. Assume La ~ ZFC- + V=HC. Then a is a gap ordinal. Suppose that 
a does not start our gap. Then the power set of w exists in La. By Cantor's 
diagonal argument (invented exactly 100 years ago!), it should have power 
bigger than 60, which contradicts V=HC. To prove the converse, note that, 
by Corollary 2.6, V=HC holds in L~. Therefore, since other axioms are 
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obvious, we need only to prove the schemata of choice and replacement. 
Since L~ has the definable well-ordering, replacement implies choice. By 
standard set-theoretical reasoning, it suffices to prove that the following 
reflection principle holds in L~" for every ZF-formula cb(x 1 , ..., Xn), 
there are arbitrarily large/3 ~ a such that for Y ~ L~, 
Lt3 ~cI,[~]*=, L ~ ~[~]. 
To prove the reflection principle in L~, we follow the usual set-theoreti- 
cal reasoning. Since we have not proved, up to this time, any principle 
for defining functions by transfinite induction, we should slightly modify 
the well-known set-theoretical proof. It is worth remarking that our proof 
works also in the set-theoretical case (without use of transfinite induction). 
By induction on formulas 4, we define a mapping R~,: a onto ot such 
that 
(a) R~ is non-decreasing, 
(b) continuous, 
(c) definable over La, 
(d) if x is a critical point of Ro (i.e., R~, (h:) = ~), then for all g~ L~, 
L ~ ~[~'],=*L,~ ,I,[~']. 
The only non-trivial case is the existential quantifier ~ - (E x) if(x, x~). 
Define auxiliary mappings: 
p(~.).__a the least ordinal p s.t. a witness (for parameters ~) is in Lp 
or 0 if there is no witness in La, 
df o(~) = sup(p(~): ~ L~), 
R(~) dr max(o(~), ~). 
Finally, let R,x, = RoR~,  where R~ is the function in the induction hy- 
pothesis. The operation of taking supremum is well d6fined since L~'s 
are countable in L,,. So we take the supremum over the countable set 
of countable ordinals. By the complete arithmetical schema of choice, 
we can encode this set by a single subset of co. But in the w-model 
P(¢o) n L~, there is the lowest upper bound of any set of well-orderings 
which belongs to P(¢o) n L,~. This 1.u.b. is a real well-ordering since all 
its initial segments are. Moreover, its order type is less than a by Lemma 
2.4. Similar reasoning shows that a function with properties (a)-(d) has 
arbitrarily large critical points. 
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Let us summarize the situation in the following theorem. 
Theorem 2.8 (Characterization theorem). 
(a) I f  C is a ~-model o f  second order arithmetic, then the height of  C 
is a gap ordinal 
(b) I f  C satisfies in addition the arithmetical form of  the axiom of  con- 
structibility, then its height starts a gap. 
(c) (Leeds and Putnam) I f  c~ is a gap ordinal, then P(w) n La is a ~- 
model o f  second order arithmetic with the arithmetical form of  the 
axiom of  constructibility. 
Proof. (a) Consider the model (C, ~). By Lemma 2.1, it is a model of  
ZFC- and so is its constructible part. All these models are of the same 
heights, say a. Hence the separation axioms are true in L~. This proves 
that a is a gap ordinal. 
(b) This follows by the easily seen fact that the realisation of a con- 
structible tree is a constructible set and that this fact can be proved in 
ZFC-. 
(c) is an immediate consequence of Theorem 2.7. 
§ 3. Higher order gaps 
The aim of this section is to show that all the proofs of Section 2 
generalize to higher order arithmetics ~fn for n i> 2. 
Definition. We call a a gap of nth order iff for every m ~ n, pm (co) n 
(La+ 1 -L~)  = 0, where pm (.) is the m-times iterated power set opera- 
tion (the gap ordinals of Section 2 are thegaps of order 2). 
The most peculiar feature of this reasoning is that it is in fact induc- 
tive. Proofs of  the lemmas are very similar to those of Section 2 and, 
therefore, we only show the way of proof. In particular, to make our 
task easier, we give a proof  for the case of arithmetic of order 3. The 
cases of order 4, 5 and so on can be completed by the reader on long 
winter nights. 
Lemma 3.1 ([ 23 ] for the case of third order arithmetic). 
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(a) I f (M, ~) is a transitive model of  ZFC- + "P(~) exists", then 
PP(¢o) n M is a ~-model of third order arithmetic. 
(b) I f  C is a (3-model of third order arithmetic, then the realizations of  
trees of  C form a transitive model <if, ~) ofZFC-  + "P(w) exists", Moreover, 
n PP(co) = C. 
The following we call a complete real schema of choice: 
(Z )p(,.) (E X)pp(w ) gP(z, X) -+ ( E Y)PP(w) (Z )e<oa) dp(z, y(z)), 
where P(w) and PP(w) are abbreviations and y(z) = (u: j2 (z, u) E Y} and 
j2 is a fixed pairing for reals. 
Lemma 3.2. I f  e~ is a third order gap, then L~ ~ complete real schema of 
choice. 
Corollary. I fa  is a thrid order gap, then PP(w) n La is an w-model for 
~3" 
Lemma 3.3 (Generalized Boolos lemma). I f  (La+ 1 -L~ ) n PP(w) 4: 0, 
then there is a real copy (Le. copy built from reals) of  La belonging to 
La+ 1 • 
A proof follows exactly the same method as the original proof of 
Lemma 2.3 in [3] or [4]. 
Lemma 3.4. I f  a starts a third order gap, then a E Lim. 
Lemma 3.5. Ira starts a third order gap, then L~ ~ "Every set is of  car- 
dinality <~ 2~o ''. 
In the proof, use the fact that t~ can not start both a second order and 
a third order gap. 
I, emma 3.6. I f  a starts a third order gap, then L~ ~ "Reflection principle". 
We get the following conclusion: 
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Theorem 3.7. a starts a third order gap iff La ~ ZFC- + "P(w) exists" + 
"Every set is of  power at most continuum". 
Theorem 3.8 (Characterization theorem for third order arithmetic). 
(a) I f  C is a (3-model of  third order arithmetic s~ 3, then the smallest 
ordinal not representable in C is a third order gap. I f  C satisfies the axiom 
of constructibility, then it starts a gap. 
(b) Ira is a third order gap, then PP(w) n L~ is a ~-model of  third 
order arithmetic together with the appropriate form of the axiom of 
constructibility. 
§ 4. The length of gaps 
Let 130,/~1 . . . . .  ~'  "'" (~ ~ 601 t ) be the successive numeration of the 
beginnings of gaps. By Theorem 2.7, these are just the heights of the 
standard transitive models of ZF- + V=HC=L which are countable in L 
(C may be proved in ZF- + V=I-IC=L). 
Definition. We say that u starts a gap of length/9 iff a starts a gap, 
(L~+p-L~) n P(w) = 0 and (L,~+p+l-L,:,) n P(w) 4= O. 
We use the notion of arithmetical copy to obtain bounds on the 
length of certain gaps. One of the methods of doing this is contained 
in the following lemma. The other one comes from Boolos and Putnam 
[4] and will be used below in the proof of Theorem 4.4. 
Lemma 4.1 (Technical emma). 
(a) I f  La is pointwise definable, then there is an arithmetical copy E~ 
of La belonging to L~+ 2. 
(b) I f  La is pointwise definable from an x E L~ such that x is count- 
able in La, then there is an arithmetical copy Ea of  La belonging to La+ 2. 
Proof. (a) We construct E~. Let us denote 
~O(n, a) = S tf(L__~, n, a) & (b) (b 4: a -* 7 Stf(L_~, n, b)), 
• (n, a) = ~O(n, a) & (m)n 7¢(n,  a). 
W. Marek, M, Srebrny, Gaps in the constructible universe 373 
Roughly speaking, ~(n, a) tells us that n is the least G6del number of the 
formula defining a in L~. Take 
E = {J(m, n): L~+ 1 ~ (Ea, b)[O(m, a) & ~(n_n_, b) & a ~ b]. 
We use the absoluteness of formula Stf with respect o sets of the form 
L,,  as well as of some other formulas. Clearly, E~ ~ L~+ 2, and we are 
done. 
The proof of (b) follows the same lines as (a), except hat we reserve 
even numbers to code the members ofx .  
Theorem 4.2. The (~ + 1)st gap is of  length 1 for every ~ ~ 6o~. 
Proof. Observe that La~÷l is pointwise definable from the set 
La~ u {La~} and this set is countable in Lab÷l, because L~+I N V=HC. 
Corollary 4.3. There are w L gaps of  length 1. 
Now we pass to the main result of this section. 
Theorem 4.4. Let P ~ coX'. The first gap of  length >1 P starting higher 
than a given 3" >i P is of  length p. 
Proof. We divide the proof into two cases: p ~ Lim and p ~ Lim. Al- 
though, the method of proof in the second case applies to the first, both 
methods are essentially the same. The idea of the second method is due 
to Boolos and Putnam [4]. 
Case p ~ Lim. Let p =/3 + 1 and let a start our gap. ConsiderM = 
Deft~+a (7 u{7}), i.e., the set of all members of La+a definable in 
L~÷a with parameters from 3  `u{3`}. By the well-known results of 
Montague and Vaught,M -< La+a. M is isomorphic to L~ for some 
~ a +/3, by the Condensation lemma. We show that ~ ~ a +/3. It is 
clear that 3  `u {~/} c__ L~ and ~ ~ M. Let 8 = the collapse of a. Hence 
starts a gap of length i> p. Thus we get 8 i> ~ since a is the least beginning 
of a gap of length t> P higher than 3'. Hence ~ = a +/3. So M is isomorphic 
to L,~+O, and La+ a is pointwise definable from the set 3" u {3"}. Now, use 
the Technical lemma to get a new subset of co in L~+a+ 2. 
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Case O ~ Lim. We construct an arithmetical copy E,~ + 0 ~ L,~ + 0 + 1, where 
a is the beginning of  our gap. Take a finite number of sentences that 
guarantee that every well-founded model of these sentences i  isomorph- 
ic to L~+ o. Here we use the assumption that this is the first gap of length 
i> p. Since the number of sentences i  finite, there are only finitely many 
Skolem functions for them. Take the Skolem hull S of the set ~, u {,y} 
under these functions in L~ + o" <S, ~) is isomorphic to L~+ o" Moreover, 
S E La+o+ 1 since the Skolem functions are definable in L~+ o. We can 
encode the construction of S by natural numbers. This is possible since 
the number of Skolem functions considered is finite and the set 7 u (7} 
is countable in L~÷ 0 +1. For this purpose use the following three senten- 
ce s: 
(a) extensionality; 
(b) V=L, i.e., (x) (Elz)(Ord g &x ~ Lu); 
(c) (E#) lOrd/a & (x)(x ~ ~ -* x ~ L u) 
& (v)u (Ex)(x__C w &x ~ L u - L , )  
& (v) o (Eo)(o =U + v)]. 
Note that the assumption that the beginning of the gap is bigger than 
its length cannot be eliminated since from Theorem 1.3 it follows that 
there are, for instance, gaps starting from a of  length i> a". Compare 
this with Corollaries 1.4 and 1.5. 
Corollary 4.5. The first gap is o f  length 1. 
Corollary 4.6. For every given p ~ co~, there are co~ gaps o f  length O. 
From the above theorems we infer some interconnection between 
gaps of different lengths. 
Lemma 4.7. I ra  starts a gap o f  length > 1, then a & the limit o f  the se- 
quence o f  the beginnings o f  gaps o f  length 1. 
The above lemma follows from the Technical lemma and is a special 
case of  the following theorem. 
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Theorem 4.8. I f  a starts a gap of length p and p ~ a, then for each o E p, 
sup(/3 < a: 13 starts a gap o f  length o} = a. 
Proof. By Theorem 4.2 and the above lemma, a is the limit of the sequence 
of beginnings of gaps of length 1. Consider only these ordinals from the 
sequence which are above O. For every o E O, the first gap of length I> o 
bigger than the given gap of length 1 is of length o. This means that be- 
tween every gap of length 1 and a there is a gap of length o for every 
oEp.  
Theorem 4.9 (Lucian [ 12]). I ra  starts a gap, then the non-gap ordinals 
less than ~ are ordered in type a. 
Proof. By induction on 7, we prove that for every ~/E a, there are at 
least ~, non-gap ordinals less than a. For limit ordinals, take the union of 
sets existing by induction hypothesis. For non-limit ordinals, use the 
fact that L~ ~ V=HC and ~ 6 Lim. So, for every 13 ~ a, there is a non-gap 
ordinal between/3 and a. 
Let us consider also the gaps of lengths that depend on their starting 
points. 
Theorem 4.10. There tire arbitrarily large ordinals ~ ~ u~ such that a 
starts a gap o f  length a. 
Proof. Let ~, ~ COl L . Take the first ordinal a > "y such that a starts a gap 
of length/> a. The existence of such an a follows from Theorem 1.3. 
We construct an arithmetical copy E~+a ~ La+a+ 1 following the method 
given in the proof of Theorem 4.4. for the case that O is a limit ordinal. 
Use Skolem functions for the following formulas: 
(a) extensionality; 
(b) V=L; 
(c) (flU) [Ord ta & (v) u (Ex) (x  coo  & x E Lu -Lv)  
& (x)(x c__ oJ -~ x ~ Lu) & (v). (Eo)(o = # + v)]. 
The same proof yields a more general theorem. 
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Theorem 4.11. Let cb be a f ixed ~'1-definable operation on ordinals, non- 
decreasing and continuous on the first argument. Let  ill, ..., [3n E co~. Then 
there are arbitrarily large ordinals ~ E co L s.t. a starts a gap o f  length 
• 
Corollary 4.12. There are co~ ordinals ~ E co~ starting gaps o f  length ~.  
There are also monstrously big gaps without any (reasonably) defina- 
ble connection between their beginnings and their ends. Consider the 
following example. Let La be the minimal model of ZF (if you do not 
believe in the existence of such a model, take L~ being the minimal 
transitive model of ZF- + "P(co) exists"). Then co~a starts a gap that 
extends to a + 2. So, this gap is of length a + 1, i.e., the biggest possible 
length with respect o its end. 
We close this section with a collection of gaps of length 1. 
Definition. We call an ordinal a strongly definable (over ZFC- + V=HC) 
iff there is a formula • with one free variable such that for every transi- 
tive model (M, ~) of ZFC- + V=HC, we have that i fa  ~ M, then 
(M, ~) ~ (E !x) qb(x) & ~[a]  and i fa q~M, then ~M,~) ~ (E !x) ~(x) & ff~[O]. 
An exhaustive discussion of the concept of strongly definable ordinals 
may be found in Mostowski [19 ], with the difference that Mostowski 
considers trongly definable ordinals with respect o models of ZF. 
Lemma 4.13 (Mostowski [19 ]). I f  ~ is a strongly definable ordinal and 
< ~,  then La~ is pointwise definable. 
Corollary 4.14. Under the assumptions o f  Lemma 4.13, the ~th gap is 
o f  length 1. 
The natural question to be raised here is: What about the first ordinal 
such that ~ =/3~ ? It is easy to see that ~ is strongly definable and that 
the ~th gap is of length 1, for La~ is pointwise definable in this case. Con- 
tinuing along this line, we come to an interesting property of gap ordi- 
nals. Namely, distinguish gaps ~, for which a set of gap ordinals less 
than ~ is ordered in type ~. Let us classify gap ordinals with respect o 
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this property imitating the classification of strongly inaccessible cardi- 
nals, due to Mahlo [ 1 3 ]. 
Every gap ordinal ~ we call a gap of class 0. A gap ordinal ~ is of 
class 1 iff ~ =/3~. Furthermore, ~is of class 2 iff ~ is of class 1 and the 
gaps of class 1 less than ~ are ordered in type ~. In general, let us define 
the oth gap of class ~/. 
Definition. We say that/3~ is a Oth gap of class 77 (in short M(o, ~/, ~)) iff 
there is a (transfinite) sequence ~o of type 77 + 1 fulfilling the following 
conditions: 
(i) ~0 is a set of all gap ordinals ~/3~ ; 
(ii) if ~" ~< 77, then ~0~.+1 is a set of all gap ordinals/3 0 < fl~ such that 
13 o ~ ~o r and the set {/L r ~ ~o~: 3' < O) is ordered in type 0; 
(iii) if ;~ ~ 77 + 1 is a limit ordi.nal, then ~o x = f l~  x ~o~ ; 
(iv) (/3. r ~ ~o n: 3' < ~} is ordered in type o; 
(v) ~ ~ ~0 n. 
Definition./3~ is a gap of class 77 iff there is o such that M(o, rl, ~). 
I.emma 4.15. For every 11 ~ co~, there are w~ many gaps o f  class 77. 
Proof. Every t~ such that La -( L L is a gap of every class 7/~ a. Observe 
that M(o, rl, ~) is a E 1 -formula. 
Lemma 4.16. Every gap o f  class rl is a gap o f  every class '1' <<- 71. The con- 
verse is not true, the first gap o f  class 7' is not a gap o f  class ri > 71'. 
Theorem 4.17. Let o and 71 be strongly definable. I f  o, ri < ~ and 
M(o, rl, ~), then the ~th gap is o f  length 1. 
Proof. Under these assumptions, LOS is pointwise definable. The theorem 
follows from the Technical Lemma 4.1. 
It is worth remarking that all the above results hold for finite higher 
order gaps, as well, in appropriate reformulations. For instance, one 
needs to consider ZFC- + "PP ... P(w) (n times P) exists" + V=H~n+ 1
(for n ~ ¢o), instead of  ZFC- + V=HC. Moreover, one must change w~ 
to 6o L . 
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§5. 
In this section we introduce some theories in a many sorted language 
of set theory associated with gaps of given length. One may treat them 
as an attempt o explain why a gap of prescribed length occurs (or con- 
versely what may be the intuitive meaning of some set theories). 
The idea is to take Gbdel-Bernays type (i.e. predicative) extensions 
of some theory true in L~, for a being a gap ordinal. The justification 
for this lies in the definition of La÷ 1 as collections of predicatively de- 
fined classes over L~. 
(A) The gaps of finite length k ~ 6o. 
We define a theory called GB k. GB k is formulated in one-sorted 
language of set theory with ~ and the unary, predicate symbols C O (= ~) ,  
C 1 , ..., C k. Its axioms are: 
(1) GB- + V=HC relativised to the predicates: ~ and C 1 (~(x)means  
"x is a set", C 1 (x) means "x is a class"); 
(2) extensionality; 
(3) Cle x n (n ~ k) (i.e. class existence scheme relativized to Cn): 
([::X)Cn+l(Y)C n (y E X "~ ~(y .... )), where every quantifier in ~ is rela- 
tivized to C n ( . )  and we allow ~ to contain parameters from C n only; 
(4) (x) (Co(x)  v ... v Ck(X)); 
(5)  i<k(Ci(x) Cl+ 1 (x)). 
Lemma 5.1. ct starts a gap o f  length >>. k i f  and only i f  La is extendable 
to a model  for  GB/~ + (x) (x  c_ w -* ~(x) ) .  
Lemma 5.2. I ra  starts a gap o f  length k, then La is extendable to a 
model  for  GBk÷ 1 + (x)ck (x c__ 6o -~ ~(x) )+ (Ex)(x c_ 60 &-] ~(x) ) .  
(B) The gaps of length ~ 6o. 
We define a theory called GB,o. It is formulated in the one-sorted 
language of set theory with the two binary predicate symbols ~ and 
C(.,.). The indended interpretation of C is that the first argument is of 
the type indicated by the second argument. 
The axioms of GB,o are: 
(0) (x) (y) (C(x ,  y )  ~ y E 6o); 
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(1) GB- + V=HC for variables relativized to C(-, 0) (as sets) and C(., 1 ) 
(as classes); 
(2) extensionality; 
(3) Cle x n , for every n ~ co; 
(4) (x)(l::n) C(x, n); 
(5) (x)(rt) [C(x, n )~ C(x, n + 1)]. 
Lemma 5.3. a starts a gap o f  length >>. w i f f  La is extendable to a model 
for GBto + (x) (x c w -+ C(x, 0)). 
(C) It is easy to continue this idea for larger ordinals. For instance, one 
can get the theory associated with the gaps of length ¢o + 1. We leave 
details of this generalization to the reader. 
§ 6. Stable ordinals 
In this paragraph we deal with the problem of definability of gap or- 
dinals. 
Definition. 
(a) An ordinal a is called 221,A (II1,A) if there is a 22~ (II~) formula 
(without parameters) uch that {<x, y):  ~(x, y, A)} is a well-ordering of 
type a. 
(b) An ordinal a is A 1,A iff it is the type of a Anl~l well-ordering. 
(c) An ordinal a is provably-Anl,A iff there are formulas cI, E 221 and 
E I I  I such that in the second order arithmetic (with choice) one can 
prove ~(A) ~ ~(A)  anda  is the type of {(x, y): ~(x, y, A)}. 
(d) An ordinal is 2;~ (II~, A~, provably-A 1) iff it is X~,0 (1-i1,0 A 1,0 
' ~k  ' 
provably-A~,¢). 
Let us note the following well-known facts: 
Lemma 6.1. 
(a) I ra  is an 22~ , II~ or provably-A 1 ordinal and M a ~mode l  for 
second order arithmetic, then a < h(M) and so there is a well-ordering o f  
type a in M. 
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(b) 30 is a A~ ordinal, where 30 is the height  o f  the smal lest {3-model 
for  analysis. 
Definition. An ordinal a is called stable iff for any Z 1 -formula cb(x I . . . . .  xn)  
and al , ..., a n ~ La, L~ ~ q~[al, ...,a n ] i f f  ~(a l  , ...,an). 
Lemma 6.2 (Kripke-Platek). 62 (first non-A ~ ordinal)  is the least stable 
ordinal. 
Lemma 6.2 is a sort of basis theorem. In fact, this is nothing else but 
the Add ison-Kondo-Nov iko f f  basis theorem. Since we did not find a 
proof in the literature, we give here a sketch of a proof which probably 
is different from the original proofs of Kripke and Platek. We use the 
following: 
Sublemma 6.3. The set x ~ L~ 2 i f f  there is a A~ tree X such that x = X .  
Proof of this lemma follows from the Add ison-Kondo-Nov iko f f  
theorem. 
Proof of Lemma 6.2. It is clear that it is enough to prove the following: 
If ~ is Y-'o, al  , ..., an E L~ and (Ex) ¢b(x, a 1 , ..., an), then there is a 
b ~ L82 such that ¢b(b, a 1 , ..., an). 
By our sublemma, we may assume that a I = -41, ..., an = An for some 
AI, ..., A n E A~. Now, by L6vy's basis theorem, (Ex) ~(x ,  a l . . . . .  a n) 
(EX)HC ¢b(x, a 1 , ..., an). Since Marek [ 14] gives a uniform method of 
translating set-theoretic formulas over HC into analytic ones under 
which Zo-formulas become provably-A~ (and hence Z21), we can use 
the basis theorem once more to get a tree B which is A I'A1 ..... An such 
that ~(1~ a I , ..., an). Since A1, ..., A n are A 1 , so is B. Finally, using once 
again Sublemma 6.3 (but in the other direction), we find that B is in 
L~ 2. 
Thus 5 2 is stable. If o ~ 6 2 is a stable ordinal, then using the same 
method of translation we find that all Z ~ sets of natural numbers be- 
long to La+ 1. But then we use a lemma due to Shoenfield stating that 
1 1 Ag = L~2 n P(¢o) and sowe get that all ~2 sets of  natural numbers are 
A~, which is clearly false. 6 2 has to be the least stable ordinal. 
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Since both gaps and non-gaps form unbounded sets of ordinals in t~,  
we get: 
Lemma 6.4. I f  o E w~ is stable, then o is both a limit of  gaps and non- 
gaps. 
Proof. Take T = ZFC- + V=L=HC. Since (Ex)(a ~ X & Mod T (x) is Z 1 
and true, it is true in Lo. The other part is proved similarly. In particular, 
5 2 is a limit of gaps. 
Lemma 6.5. I f  o is stable and o E w~ , then o is the order type of the set 
of beginnings of the gaps less than o. 
Proof. The formula "There is a sequence of gaps of type e"  is ~ 1 and 
true in the real world for each t~ ~ o. Thus the order type of the set of 
gaps below o is o. 
Lemma 6.6. There are gaps of length bigger than 1 below 5 2. 
Proof. Take as T = ZFC- + V=L + "P(6o) exists", apply the reasoning of 
Lemma 6.4. 
In fact, using similar reasoning, we get the following: 
Theorem 6.7. 
(a) Every stable ordinal o ~ w~ is a limit of  arbitrary long gaps of  
leng~th smaller than 8. 
(b) I f  o E ~ is stable, then o is a limit of gaps of the length p for 
every p E o. 
All facts from 6.4 through 6.7 follow directly from our Characteriza- 
tion Theorem 2.9 and the Addison-Kondo-Nov ikof f  basis theorem (in- 
stead of Lemma 6.2). However, as we stated that Lemma 6.2 is nothing 
else than the aforenamed basis theorem, we gave the proofs using 6.2. 
Note that Mostowski [17] proves that A~, i.e. P(oJ) n L62,.is not a model 
of ~2 (this once more follows from the basis theorem since it implies 
that Z~ sets are def'mable over A12 ). Combining it with our 2.8, we get 
the following: 
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Fact 6.8. 
(a) 6 2 is not a gap ordinal. 
(b) 6~ is not a gap ordinal for all A E P(w) n L. 
Let 62 B be the first non-A~ 'B ordinal. Relativising the proof  of Lemma 
6.2, we get: 
Fact 6.9 (Kripke). I f  B ~ P(w) n L, then 6~ is stable. 
It turns out that all "next stable" ordinals are of the form 6~ for some 
B E P(w) n L. 
Definition. If ~ E w~ is an ordinal, then let a ÷ be the least stable ordinal 
bigger than a. 
Theorem 6.10. a ÷ is o f  the form 6~ for some B ~ P(w) n L. 
Proof. Since a ÷ is the limit of non-gaps, there is a B E La,-La.  
It is enough to show that 6~ is a +. Clearly, 62 B is stable and by the re- 
lativized version of Shoenfield's result (A~ sets are constructed through 
A~ ordinals), we get t~ ÷ < 62 B. So it is enough to prove that all y,~,B sets 
belong to La++l. This follows by reasoning similar to the proof of 
Lemma 6.2. 
Thus we already have information on "next stable" ordinals. Let us 
note that the successive numeration function for stable ordinals - in 
opposition to that for admissibles - is continuous. Yet, in no limit point 
it is of the form 6 A for A ~ L n P(o~9, 2 indeed , this follows immediat- 
ely from the mentioned Shoenfield's result. However, stable gaps exist. 
For instance, 
Fact 6.11. I f  La ~< L~,  then ~ is a stable gap ordinal. 
In fact, Marek proved in [ 14] that: 
2 This result is mentioned by Friedman in [6]. 
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Lemma 6.12. a is a stable gap ordinal i f f  a is the beginning o f  a gap and 
L~ n P(w)  is a [3 2-model for second-order arithmetic. 
Let us finally note that gap considerations lead to the following fact, 
complementary to the well-known theorem of Fr iedman- Jensen-Sacks 
stating that all countable admissibles are of the form 6Ol A for some 
A E P(6o). 
Lemma 6.13. c~ is o f  the form co n for some a-finite A E P(co) i f f  
(i) L~ ~ V=HC, 
(ii) a is admissible, but not recursively inaccessible. 
A proof of this fact will be published elsewhere. 
The following theorem was proved by D. Guaspari. 
Theorem 6.14. I ra  starts a gap, [3 > ~ and L~ n P(6o) = La n P(co) (i.e. 
the gap is still on), then a is [3-stable, Le., L~ 1 La. 
We give a short sketch of this proof with D. Guaspari's permission. 
Assume La ~ (Ex) ~o(x, ~), where ~ is a sequence of parameters from La 
and ~o is a Ao-formula. Let x 0 be a witness for ~o. Thenx0 is definable over 
some L6,6 E ~, by a formula ~.  Clearly, the set L s u {Xo) is transitive. 
We produce a copy of L 6 u (x0} over L 6 as follows: We define the universe 
of the copy asZ =( [0 ,u ] :  u ~ Ls} u {[1,0]} (where [., .] is a fixed 
pairing function for L 8 ) and we define 
E(a, b) ¢=* (Eu, o) ((a = [0, u] & b = [0, v] & u E o) 
v(a = [0, u] & b = [1,0] & ~(u))).  
Clearly, (Z, E> --~ (L s u {x0), ~>. In particular, (Z,E> ~ ~o[[ 1,0], y ] ,  
where J~ is a sequence of elements [Yi ] for Yi E ~. 
Similarly, TC(y) is copied within Z. Since y E La and t~ is a beginning 
of the gap, L~ ~ ZFC- + V=HC and so TC(y) is countable in L~. Now, 
using a finite number of Skolem functions for (Ex) ~0(x, 3) & "Axiom 
of extensionality", we can define over L 8 a hull of the copy of TCfy) 
within (Z, E>. This way we get a subsystem (S, E'> of (Z, E) which is 
countable in Lo and definable over L s . Now, we form a copy of (S, E'> 
in w. Similarly, the copy is definable over L 8 and so it belongs to Lo. 
But P(w) n Lo = P(w) n La and the copy is in La. Thus the transitive 
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collapse of it belongs to L,~. In this way we get a transitive structure 
inside of L~ such that (Ex)~o(x, fi) holds in it. Then La ~ (Ex)~x,  if), 
which completes the proof. 
However, this reasoning ives us more information. 
First of all consider a formula (fix) (Trans(x) & MOdzF- (x)). This 
formula is a generalized ]~1 over L~0+ 1. By Theorem 2.7, it cannot be 
X 1 over Loo÷l. Yet, closer analysis hows that this formula is Z 1 over 
Lao +2" Thus we get the following: 
Corollary. 
(a) Lao-~ ~ Ltso+ 1. 
(b) L3o'~- 1 Lao+2. 
(c) Lao <1 Lao +1. 
§7. 
In this section we consider some interconnections between gaps and 
models for ZF set theory. Our purpose is to give a characterization f 
heights of standard transitive models of ZF in terms of gaps. For this 
purpose we must deal with gaps with respect o arbitrary ordinals as we 
did with respect o w in the previous ections. Next, we generalize our 
characterization theorem from Section 2 to the case of/3-models of 
Kelley-Morse impredicative set theory. 
The following is a direct generalization of the notion of a gap. 
Definit ion. We call ,, a ~-gap ordinal i ff  (La+ 1 - La) N P(~) = 0. Similarly, 
for a set a we call a an a-gap iff (La+ 1 -La)  n P(a) = O. 
Definit ion. We say that a is a third order K-gap ordinal iff a is a g-gap 
ordinal and (L~+ 1 -La)  n PP(K) = O. 
Note that the name "third" is justified by the main theorem of Sec- 
tion 3 stating the correspondence b tween third order w-gaps and/3- 
models of third order arithmetic. 
We assume that the reader is familiar with the notion of admissible 
set (see [ 2 ] ), as well as with Gtidel's function F used in [ 7 ] to construct 
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the model A. The following lemma says that for some ordinal x, g-gaps 
and L K -gaps are the same things. 
Lemma 7.1. Let  x be an admissible ordinal (i.e., L K is an admissible set). 
Then (L,+ 1 -L , )  n e(x)  = 0 i f f ( L~+l -L , )  n P(L~) = 0. 
Proof. We have to prove only the implication from left to right. Assume 
that (L~+ 1 -L~)  n P(x) = 0 and let x E (L~+I,L~) n P(LK). Since x E L, 
every y E x is of the form F'~ for some ordinal number ~. Consider 
a ={~: U~E x & [(r/)(F'r/= F'~) -} ~< r/l). 
Then a ~ x, for admissible sets are closed under Gbdel's fundamental 
operations and the function F is absolute. We show that a ~ La+ 1 -L  a. 
Let ¢( . ,  ~) be a formula defining the set x over L ,  (possibly) with para- 
meters ft. Let 
a ={~: L P ¢,(F~, ~) & (r/)(F'r/= F~_-+ ~ ~< r/)} ~ L,,+I. 
Suppose a ~ L .  Then for some 13 ~ o~, there is a formula @(., ?) (and 
parameters T ~ Lt~) defining a over Lt3. Hence we get 
x ={y ~ L o" LO P (E~)( Z =F'~ &@(~,-k-)} ~ L~+ 1 c__ L , 
contradicting our assumption that x q~ L .  
The following definition is a further generalization of the notion of a 
gap. Let us denote by C(x) the following formula: 
onto X 1 (E/a)(Ey)(Ez)(Ef)[Ord(/z) &z c__y &y E L u & Func(f) &f: z ~ j. 
By C L=+I we denote the interpretation of predicate C(x) in the model 
(Za+l, E), i.e., 
C L~+I = {x E La+l: L+ 1 ~ C[x]}. 
Definition. We call a a cardinality-gap ordinal i f f  
(L + 1 -L )n  CL~+I =¢.  
The intuitive sense of'the above definition is that no new set equinu- 
merous with a subset of a member o fL  a occurs in L~+ 1 . 
Now, we are ready to state our characterization theorem. 
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Theorem 7.2. t~/s the ordinal o f  a standard, transitive model o f  ZF i f  and 
only i f  
(1) ¢~ > oa; 
(2) oe is a third order g-gap ordinal for every r ~ ~; 
(3) oe is a cardinal#y-gap ordinal. 
Proof. =~ (1) is trivial. For (2), letM be a standard, transitive model for 
ZF and let t~ = On n M. Since M ~ ZF implies L~ ~ ZF, then in particular 
L,~ satisfies the power set axiom and the axiom schema of  separation. 
Let r ~ a and x ~ PP(r) n L~+ 1 . We must show that x ~ L~. By GiSdel's 
definition ofL~+ 1, x must be definable over L~. But P(r)  n L~ = PLY(r) 
L~. Hence, by separation, we get x ~ L .  
Now, we prove (3). We just follow the proof of (2) using replacement. 
• onto 
Let y ~ L~; x, z E L+I ,  x c__ y and L + 1 ~ (Ef)0c: 2 --i-~ X). Take such 
anf~ L+I .  By the definition of L+ l, there are formulas~z (.) and cI,/,(-) 
(possibly with parameters) defining z and f, respectively, over L .  By the 
schema of  separation, we get z E L~. Now, apply the schema of  replace- 
ment to the set z 6 L and to the following formula: 
~(O0,  Vl)  ~¢~ (Ev) (~f (v )  & V = (V0, Vl)) .  
We get 
x ={b:L  ~(Ev0) z $(v 0 ,b )}EL  . 
We have to show two implications: (a)t(2) =~ power set axiom in L 
and (b) (3) =~ schema of replacement in L~. 
Proof o f  (a). Let x E L .  Then there is an admissible ordinal r ~ 0e 
suctl that x c_ L K . Since oe is a L~ -gap ordinal, we have by Lemma 7.1, 
{y~L "L  ~.l~c_x}C_L . It is easy to see that if a is a third order 
L~ -gap ordinal, then there is an ordinal/3 ~ tx such that (L,~-Lt0 n P(L~ ) 
= 0, i.e., the beginning of this L~-gap is less than oe. Hence pr~ (x) ~ L~+ 1 
cL  . 
- -  t l  
Proof of(b).  Let cl,(v 0, v I ) be a function-like formula in L and let 
y E L .  Then x = {b ~ L :  L ~ (EVo)y$(V o, b_b_)} ~ L~+ I. We must show 
that x ~ L,~. We may uniformize the r~lation {(a, b): L ~ cI,(a_, b_) & 
a ~ Z} for there is a definable well-ordering over L. Let us denote by z 
the domain of a function obtained by uniformization. The uniformized 
formula defines a function f~ L,~+I such that f: z ~ x. Then by ' 1+1 
condition (3), we get x ~ L .  
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We see from this result that the existence of an ordinal t~ satisfying 
conditions (1)-(3)  is not provable in ZF (nor in ZF+V=L). 
Corollary 7.3. I f  there exists an inaccessible cardinal, then there is an 
ordinal ~ satisfying (1)-(3).  
By the results of Montague-Vaught [16], the converse of the last 
corollary is false. 
Now, let us consider Kelley-Morse set theory (we assume that there 
is the schema of choice among axioms of this theory, compare with 
[ 15 ]). Our aim is to prove the characterization theorem for/3-models 
of Kelley-Morse theory plus the axiom of constructibility as formul- 
ated in [ 15 ]. The idea is just the same as in the case of the arithmetics. 
Let us introduce a further generalization of the notion of a gap. Denote 
by D(x) the following formula: 
_ _ on  to  1 (E y ) (Ez) (EF) [y  E L~ & z c y & Func(F) & F C L K &F :  z ~ x l , 
where x is a parameter. 
Definition. ~ is a e-cardinality gap ordinal iff 
(L + 1 - La )  n D L ~+1 = 0, 
where D za+l is the interpretation of the formula D(x) in the model 
La+ 1,i .e.,D La+l ={x~L +1: L + 1 ~D[x]} .  
The intuitive meaning of the above condition is that from K up to 
t~ + 1 there is nothing new, which is equinumerous with any subset of a 
set in LK, but this equivalence ought to be realized by a function in- 
cluded in L~. 
Let us denote by (i) and (ii) the following conditions: 
(i) t~ starts a g-gap, 
(ii) a is a r-cardinality-gap ordinal. 
Definition. a is a Kel ley-Morse ordinal iff there is an ordinal ~ such 
that (i), (ii), (1), (2) and (3) hold, 
This name is justified by the following characterization theorem. 
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Theorem 7.4. a is a Kelley-Morse ordinal i f f  a is the height o f  a f3-model 
o f  Kel ley-Morse set theory with the axiom of  constructibility. 
The following easy facts should be added to the folklore of the strong 
infinity axioms. 
Fact 7.5. In ZF (nor in Kel ley-Morse) one can not prove the existence 
of  a Kel ley-Morse ordinal. 
Fact 7.6. The existence o f  a (weakly) inaccessible cardinal implies the 
existence o f  a Kel ley-Morse ordinal (even one countable in L !), but not 
co n versely. 
The considerations of this section show that several generalizations 
of the notion of gaps correspond to the models of numerous theories. 
Finally, let us mention that satisfaction for any statement asserting 
existence (in La) may be reduced to the appropriate generalization f
the notion of a gap. 
§ 8. Theories of the sets L~ 
We finish with some generalizations of the well-known Friedman= 
Tomasik theorem [23], which we prove using the ideas of our paper. 
Lemma 8.1. I f  a is not a gap ordinal then La is pointwise definable. 
Proof. There is a real x ~ La+ 1 -La  definable over L~ without para- 
meters (compare with Boolos and Putnam [4]). Hence DefL,,, i.e. the 
set of all elements of L~ pointwise definable in La without parameters, 
is isomorphic to La. Using the collapsing technique of Mostowski, we 
get DefL~ ~ L~ for some ~ < ~ and ~ ~ a since x ~ L~+ 1. 
Corollary. I ra  is not a gap ordinal, then L a has no proper elementary 
submodels nor transitive proper elementary extensions. 
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Theorem 8.2 (Fr iedman-Tomasik) 3. There are coL theories o f  sets L . 
Proof. Since the continuum hypothesis holds in L, the collection of all 
theories of sets L~ is of cardinality ~ coL. On the other hand, there are 
uncountably many non-gap ordinals a E coL. By the above lemma, L~ 
is pointwise definable for a not a gap ordinal. Moreover, they are pair- 
wise non-isomorphic to each other. Hence this collection is of cardinal- 
ity/> coL. 
Definition. We call the theory of a model (L ,  ~, a)a~p(o~ ) n La the analy- 
sis theory of a set L . 
We call the reader's attention to the fact that the language can be 
uncountable in this case. 
Theorem 8.3. There are col analysis theories o f  sets L . 
Proof. There are < co2 t such theories, because in L one can take an ele- 
mentary submodel of cardinality co1L containing P(co) n L as a subset 
and collapse it onto L for some # ~ co L-. We show that there are t> col 
such theories. Obviously, there are col ordinals a ~ col such that a is 
not a third order gap ordinal. For every such a >t coL, L is pointwise 
definable from P(co) n L = P(co) n L.  They are pairwise non-isomorphic. 
Definition. We call the theory of a model 
UL , E, a)a~pp.,._~p(w) n La 
n - 1 times 
an nth-order analysis theory of a set L .  
By an obvious generalization to higher orders we get. 
L nth-order analysis theories o f  sets L Theorem 8.4. There are w n
Let s be a transitive constructible set. 
3 Recently, K. Devlin has obtained independently the sate  result. His proof is very similar. How- 
ever, let us point out that our proof gives effectively to 1 elementary distinguishable L~'s. Name- 
ly, the La's with non-gap ordinals a, Moreover, these L~'s are pointwise definable. 
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Lemma 8.5. l f  s ~ La and a is not an s-gap ordinal then (L~, E C)cs s is 
pointwise definable. 
Definition. The theory of a model (La, ~, C)c~ s is called the s-theory of 
L,~ ( fors c L ). 
Theorem 8.6. There are Isl~f s-theories o f  L~. 
Appendix (Added 10 October 1973) 
Let us add some remarks on our main Theorem 2.7. 
First, let us give some reformulations of it in terms of generalized recur, 
sion theory. The condition La ~ V=HC can be equivalently replaced by 
the condition: each ~ < a is a-projectible to 60 (i.e., projectible by an a- 
recursive function); as well as by the condition: L~ is locally countable. 
So one can disguise our Theorem 2.7 as 
Corollary. a starts a gap i f f  a is a regular quasicardinal and each [3 < a is 
a-pro]ectible to 60. 
Definition. We say that L,~ is Xn -admissible iff no Z n (L~) function maps 
a/3 < a onto an unbounded subset of a. Once more, we can disguise 
Theorem 2.7 as 
Corollary. a starts a gap i f f  La is locally countable and ~,n-admissible 
for all n E 60. 
These considerations lead us to raise the following "fine" question. 
First, let us introduce a new kind of gaps. 
Definition. We say t~ is a A n -gap ordinal iff all A n (La) subsets of w be- 
long to L~, i.e., (A n (La) - La) n P(60) = 0. 
Question. Can one get results similar to Theorem 2.7 on A n -gaps? 
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A positive answer was obtained by K. Devlin during the Logical Se- 
mester in Warsaw, spring 1973. We include here a short sketch with his 
kind permission. Note that the same idea gives an alternate proof  of 
Theorem 2.7. Surprisingly, the question of length of the A n -gaps has a 
completely different answer. 
Lemma A.1. I ra  is not  a gap ordinal  then ~ +1 is not  a A 1 -gap ordinal  
Proof. In this case, L~, is pointwise definable by Lemma 8.1. Since 
La~La÷I ,  we can talk about satisfaction in La inside ofL~+:.  In fact, 
there is the satisfaction relation Sts f ( . , . ,  • ) which is absolute for sets of 
the form Lu, i.e., for the G6del number n of a formula ~Lu ~ Stsf[La, 
n, a] i f fLa ~ ~[a] .  Moreover, Sts f ( . , . ,  -) is A: (Lu). Using the point- 
Wise definability o fL~,  we can-encode all members of La+ 1 withf in i te 
sequences of natural numbers, since, by definition, La+ 1 consists of all 
sets definable in L~ (with parameters). Namely, consider the finite se- 
quences uch that the first term is the G6del number of a formula de- 
fining in L,, a member of L~,+I with parameters (pointwise) defined in 
L~ by formulas with Gtidel numbers listed as the next terms. Consider 
the following function: 
f (n)  = a - (n is a sequence number & (n): is the Gbdel number of a for- 
mula with lh(n) free variables & (Ea:,  ..., alh(n )_ 1)((i)< lh(n) 
((n)i+2 is the G0del number of the formula pointwise de- 
fining ai÷ 1 in L__~) & (x)[(La ~ (n) 1 [x, al, ..., alh(n)_l]) -+ x ~ w] 
& (x) (x ~ a ~ x ~ L~ & (L~ ~ (n)l [x, al, ..., alh(n)_l]))}) V
(n ~ 6o & n is not as-d-escribed above & a = 0). 
Clearly, fenumerates  the cont inuum ofLa+ 1 . It is easy to see that f i s  
A 1 (L~+I). Now, consider the real A = (n ~6o:  L~+ 1 ~ n q~f(n)). A is 
A 1 (L,~), because 
n q f (n )¢~ (Ea)[ f (n)  =a &n~a]~=~ (a)[ f (n)=a ~n q~a]. 
So, by the assumption that a +1 is a A 1 -gap ordinal, we get A E La+:. 
Hence A is numbered by f. Let n o ~ 6o be such that f (no) = A. Hence 
n o ~ f(n o) ~=~ n o ~ A,=~ n o 'q~ f(no),  which is a contradiction. Thus the 
proof is completed. 
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This lemma suggests the following auxiliary notion. 
Definition. a is a proper A n-gap ordinal i f f  a is a A n -gap, but not  a gap 
ordinal, i.e. (An(L~)-L~) n P(w) = 0 but (L~+I-La) n P(w) ~ 0. 
Theorem A.2. The proper A 1 -gaps have length at most 1. 
Proof. Let a be a proper A 1 -gap ordinal. Hence a is not a gap ordinal. 
By Lemma A. 1, we get the bound on this A 1 -gap. 
Clearly, each proper A n -gap is a proper A 1 -gap. Therefore, also the 
proper A n-gaps have length at most  1. 
Definition. a starts a A n -gap i f f  a is a A n -gap ordinal and 
(f3)c ~ [(La-La) n P(w) 4: O]- 
Note that one can reformulate quivalently this condit ion as follows: 
starts a A n -gap i f f  a is a A n -gap ordinal and (fl)~ (E ~,)a {'y I>/3 & 
[(A n (L ) -L .~)  n P(co) #: 0]), i.e., arbitrarily high below t~ there are non 
A n -gap ordinals. This is justif ied by the above considerations on the 
length of  the proper A n -gaps. 
Theorem A.3. a starts a An-ga p i f f  La is Zn-admissible and locally count- 
able. 
Proof. ~ Obviously, a is a A n-gap ordinal, because A n-separation holds in 
every Zn-admissible set. Since La is locally countable, a starts a A n -gap. 
Assume a starts a A n-gap. 
Claim 1. I ra  starts a Al-ga p, then ~ ~ Lim. 
Proof of  Claim 1. Assume a =/3 + 1. Then fl is not a gap ordinal and so a 
is not  a A n -gap ordinal by Lemma A. 1. The contradiction. Assume L,~ 
is not  Z n-admissible and work for a contradiction. 
Assume there is a Z n (L,.) function f from a ~ < t~ onto an unbounded 
subset of  a. One can assume that f maps a subset d c ~o, because above 
there is an arithmetical copy of  La and it suffices to take d = the set o f  
natural numbers denoting ordinals of  the copy. 
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Claim 2. There is a Zn(La) function g mapping ~ onto La. 
Proof of Claim 2. For each n ~ d, there is an ordinal f+(n) < a such that 
f(n) <<. f+(n) and f+(n) is not a gap ordinal. Therefore, Lf+(n ) is pointwise 
definable. Hence there is a function gn E La mapping a subset of ~ onto 
Lf.(n ). Let d n be an L,o -definable partition of w into infinitely many dis- 
joint infinite parts (n ~ d). Let h n : d n ~-1  d°m(gn) and h n E L a. Fin- 
ally, let h(i) = min(n: i ~ d n }. Consider the function g(i)~ gh(o(hh(o(i)). 
g is the required Xn (La) function, which ends the proof of Claim 2. 
The function g can be considered as a A n (L~) function, because its 
domain belongs to La. Now, one can easily apply the Cantor's diagonal 
procedure to obtain a new A n (L~) real. This contradiction completes 
the proof. 
Moreover, using the well-known procedure of translating set-theoreti- 
cal formulas to analytical ones and conversely, one can conclude the 
following corollary (for suffiviently large n ~ ~). 
Corollary. a starts a An-gap iff L~ n P(~) is a ~-model of  A1+1-analysis. 
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